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Fven subgraphs of a graph

Hong-Jian Lai
_ Department of Mathematics
West Virginia University, Morgantown, WV 26506

Zhi-Hong Chen
Department of Mathematics and Computer Science
Butler University, Indianapolis, IN 46208

Abstract

In [Discrete Math. 101 (1992) 33 - 37], Fleischner proved
that if G is a 2-edge-connected graph, then G has an even
subgraph H with §(H) > 2 such that H contains all vertices
of G with degree at least 3. In [J. Combinatorial Theory, Ser.
B 35 (1983) 297 - 308], Bermond Jackson and Jaeger showed
that every 2-edge-connected graph G has an even subgraph H
with |E(H)| > 2|E(G)I. In this note, we shall show that if G
is a 2-edge—connected graph, then each of the following holds:

(i) G has an even subgraph H such that H contains all
vertices of degree at least 3 in G and such that H contains a
given pair of adjacent edges in G.

(ii) G has an even subgraph H such that H contains all

vertices of degree at least 3 in G and such that |E(H)| >
2
31B(G)|-

raphs in this note are finite and undirected, and may have mul-
edges and loops. For a graph G, we denote O(G) the set of
s of odd degree in G. A graph G is even if O(G) = 0. Let
‘v be an edge in G. The contaction G /e 1s the graph obtained
G by identify'mg the two ends of ¢ and by deleting the resulting

For each integer i > 1, denote

PiG) = (v € V() : dg(v) = i} and DI(G) = U;5:D;(G).

Isi .
Di‘t“g the Splitting Lemma (Lemma II1.26 of [5], see also [6]) and
“versen 1-factor theorem, Fleischner in (4] proved the following
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theorem.

Theorem 1 (Fleischner, [4]) Let G be a nontrivial graph withouyt,
cut edges. Then G has an even subgraph H such that §(#) > 2 and
such that V(G) — D2(G) C V(H).

In [1], Bermond, Jackson and Jaeger proved the following:
Theorem 2 (Bermond, Jackson, and Jaeger, [1}) Every 2-edge-
connected graph G has an even subgraph H with |E(H)| > %IE(G)[

The main purpose of this note is to present some extensions of
these two theorems by showing the following Theorem 3. Our method
is 2 modification of the arguments in both [1] and [4].

Theorem 3 L.et G be a 2-edge-connected graph. Then each of
the following holds:

(1) G has an even subgraph H such that H contains all vertices
of degree at lease 3 in G and such that H contains a given pair of
adjacent edges in G.

(i1) G has an even subgraph H such that H contains all vertices
of degree at lease 3 in G and such that [E(H)| > %IE(G’)I

The following Theorem 4 is needed. The proof for Theorem 3
follows from L.emmas 5 and 6 below.

Theorem 4 (Edmonds, [3]) Let G be a 2-edge-connected 3-regular
graph. Then there is an integer £ > 1 and a family of perfect match-
ings (M7,---, M3i) such that each edge e € E(G) is in exactly k of
the M;’s.

Let v € V(G). Define
Eg(v) ={e € E(G) : eisincident with v in G}.

Lemma 5 Let G be a 2-edge-connected graph. For any v € V(G)
and for any two edges e1,e2 € Ecg(u), G has an even subgraph H '
satisfying each of the following properties: '

(W) 6(&) > 2,

(ii) D3(G) C V(H), and -

(i) {e1,e2} € E(H).

Proof We argue by contradiction. Let G be a <:ountereqcampl’3 .
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such that

Z dg{(v) is minimized, (1)
veD:(G)
and subject to (1),
|E(G)| is minimized. (2)

We have the following observations.

Claim 1. A(G) <3 and so dg(u) < 3. _

- Suppose that v € D3(G). Let Ng(v) = {u1,--,um} where
e; = uvuj, 1 <i< 2. Let G’ be the graph obtained from G by split-
ting v into two vertices v’ and u” such that v’ is exactly adjacent to
u1,v2 20d «”; and such that v" is exactly adjacent to v, us,---um.
Note that if G’ has a cut edge, then since G is 2-edge-connected, the
cut edge in G/ must be the new edge w'u”.

Case Al: v'v” is a cut edge of G'.

Let G| and G be the two components of G’ — u'u” such that
{e1,e2} € E(G7)- Since G is 2-edge-connected, G and G4 are also
2-edge-connected. By (1) and (2), G| has an even subgraph H; with
§(H1) > 2 and D3(GL) C V(H1), and {e1,es} C E(H1). Similary,

G also contains an even subgraph H such that §(H2) > 2 and

D3(G%) € V(H3). Therefore H = G[E(H1) U E(H2)] is an even sub-

graph in G satisfying Lemma 35, contrary to the assumption that G
is a counterexample. |

Case A2: G’ is 2-edge-connected. '

By (1), G’ has an even subgraph H' with §(H') > 2 and with
D3(G") C V(H") such that {e1,e2} C E(H").

Let H=H'if«'v" ¢ E(H") 2and H = H'[{«'«"} if " € E(H").
Then H will be the desired even subgraph in G, contrary to the as-
Sumption that G is a counterexample. This proves Claim 1.

S?nce G is 2-edge-connected, by Claim 1, we have 2 < A(G) < 3.
glf ’f 2-regular, then the theorem holds tivially. If G is a 3-regular,
conn el e3 be the only edge in Eg(x) — {e1, e2}. Since G is 2-edge-
S M :t?cc:ed 3-regular graph, by Theorem 4, there is a perfect matching

' evey subsuc:h that e3 € M. It follows the H = G — M is the desired
N graph. A contradiction again.
B Dz(Ge)x; ;;fe only need to consider that case that A(G) = 3 and
: - Suppose that G has a vertex w € D2(G).
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Assume first that w  u and that Eg(w) = {</,e"}. We may
assume that ¢” ¢ {e1, ez}, since w # u. Then by (2), G/&" has aq
even subgraph H” with §(Xf") > 2 and with D3(G/e") € V(i)
such that {ey,e2} C E(H").

Let I = G[E(H")]ife' ¢ E(H")and H = G[E(H")u{e"}]ife ¢
E(H'). Then since w € Do(G), H will be the desired even subgraph
in G, contrary to the assumption that G is a counterexample.

Assume then w = v € Do(G). If G is spanned by an edge ¢,
then the theorem holds trivially. Assume that is not the case, and
so there is an edge e € E(G) — Eg(u) such that e and ey are adja-
cent in G. By (2), G/e1 has an even subgraph Hj with 6(H1) > 2
and with D35(G/e1) € V(H1) such that {e,ea} C E(H1). Thus by
v € D9(G), G[E(H1)U {e1}] is a desired even subgraph, contrary to
the assumption that G is a counterexample. This proves Lemma 5. O

A graph G is a weighted graph if G is associated with a non-
negative integer valued function w : E(G) — Z+ U {0}, (w is called
the weight function). If X C E(G), then w(X) = 3 cxw(e). I H
is a subgraph, then w(H) = w(E(H)).

Lemma 6 Let G be a weighted graph with «'(G) > 2 and with
weight function w. Then G has an even subgraph H with §(H) > 2
and with D3(G) C V(H) such that w(H) > %w(G’).

Proof As in the proof of Lemma 5, we argue by contradiction
and assume that G is a counterexample such that

Z de(v) is minimized, (3)
veDI(G) |
and subject to (3), ‘
|E(G)| is minimized. )]

If D2(G) # 0, then let v € D2(G) and let Eg(v) = {e1, e2}- Let '
G’ denote the weighted graph obtained from G — v by adding a ne¥
edge e joining the two neighbors of v in G, and by assigning the
weight w(e) = w(e1) + w(es). By (4), G’ has an even subgraph H
with

D3(GY < V(H") and w(H') > %J(G’)_
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Notc that D3(G’) = D3(C) and w(G') = w(G). It follows that

= GlE(H)] ifeg E(H')
] GIE(H' - e)U{e1,e2}] otherwise

is the desired even subgraph. Hence we may assume that §(G) > 3.

Suppose that u € D(G). Let Ng(u) = {uy,- -, um} withm > 4.
Let e; = vus, 1 < i < 2. Let G be the graph obtained from G by
splitting v 1nto two vertices u’ and v such that v’ is exactly adjacent
to uy, u2 and u”, and such that v” is exactly adjacent to v’ u3, -+ - um.

Note that G may have v'v” as an only cut edge since G is 2-edge-

connnected. If thisisthe case, then interchange us and u3 can assume
that the new graph G” is 2-edge-connected. Let e denote the new

edge joining v’ and v”. Then one can view E(G”) = E(G) U {e}.
" Extend the domain of w by defining w(e) = 0. Then G with the
" extended w is a weighted graph. By (3), G has an even subgraph

H" such that
2
D3(G") € V(H") and w(H") 2 7w(G").
Note that D3(G) — {u} C D3(G") and w(G) = w(G"). It follows

that
o { GIE(H")] ifeg E(H')
G[E(H/e)] otherwise

is the desired even subgraph. Hence we may assume that §(G) = 3,
and so G is 3-regular.

When G is 3-regular, Lemma 6 follows from Theorem 4. In fact,
by Theorem 4, for some integer k > 1, G has a family of perfect
Matchings (M1, --, M3g) such that each edge ¢ € E(G) is in exactly
k of the M;s.

Ifxssume that w(My) < w(Ms) < --- < w(Msg). Then 3kw(M1) <
th;ill:[”(Mi) = kw(E (G)), and so w(M;) < w(E(G)). It follows
and = G—2M1 is an even subgraph with §(H) > 2, D3(G) C V(H)

w(H) > 24 (E(G)). The proof of Lemma 6 is complete. O

P

T eO\I'O\Of_o_&t:'I‘heorem 3: Theorem 3(i) follows from Lemma 5 and
rem 3(ii) follows from Lemma 6 with w(e)=1. O
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