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MATHEMATICS OF SQUARE CONSTRUCTION

CHR1S LONG
Bridgewater, New Jersey

Theoretical Results

In the May 1992 1issue of Word Ways, Ross Eckler raised the
question of the minimum number of words needed before you'd ex-
pect to be able to form a word square, and he termed this number
the support. A simple estimate may be obtained by assuming that
the frequencies for each letter in each word are probabilistically
independent (e.g., the fraction of words that have an A in the
first position times the fraction that have B in the second position
equals the fraction that have both an A in the first position
and a B in the second position), and also that letter frequencies
are positionally independent (e.g., the fraction of words that
have an M 1in the first position equals the fraction that have M
in the second position). For English words this is clearly not
true (e.g., a Q is almost always followed by a U), but this esti-
mate should still be reasonably accurate.

Under this assumption, we may apply Bayes' theorem from prob-
ability and compute that the expected number of fills for a form
[ which is a double n-square is approximately
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E(F) = w2npn where p = f(a)2 Foonwt f(z)2
W is the number of different n-letter words in our word list, and
f(*) is the frequency of the letter * in our word list. Computations
for various word-lists reveal that p 1is about 1/15.8 with very
little wvariation. We may now obtain an estimate of the support
by defining the support of F, denoted by S(F), to equal that value
of W which vyields an E(F) of one. Setting E(F) = 1 in the above
formula, we solve for W, finding that

Wo=p ™2 o s(F) = 15.8"2
_when I is a double n-square.

To compute S(F) for a regular n-square we must be careful not
to include any redundancies. It turns out that

E(F] = Wnpn(n—l)/2 and therefore S(F) = p—(n—l)/2

where p = 1/15.8 as before. This is interesting, since, assuming
that difficulty of square construction 1is directly proportional to
the size of the word lists required, this implies that it is about
as difficult to construct a regular square of order n as it 1is to
construct a double square of order n-1. This was the opinion of
Palmer Peterson of the National Puzzlers' League, one of the great-
est formists of all time. Letting F be an n-square and F2 be
a double n-square, quick work with a calculator gives
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Comparing these figures to the
n S(F1) S(F2) number of words of the appropri-
4 63 250 ate size in the typical unabridged
5 250 992 dictionary goes a long way toward
5 ) explaining why Johnny hasn't
6 99 3,9 constructed a 10-square or a
7 3,944 15,678 double 9-square using only dic-

8 15,678 62,320 tionary words.
9 62,320 247,718 More accurate comparisons re-
10 247,718 984,658 sult if we drop the condition
11 984,658 3,913,938 thatd littefr‘ fre.?.uenci:s .arel inde-
pendent of position. simple com~
12 3,913,938 15,557,597 puter program may be written to
implement this; it states that a
more accurate estimate for a 9-square F is S(F) = 75642 and for
a 1l0-square F 1is S(F) = 256945, so the above figures tend to be

on the low side.

Experimental Results

Several sample runs were done to compute the number of single
and double squares for the /4-square and 5-square cases. Random
subsets of a master wordlist were generated by choosing each
word with a selection probability q, and then two computer runs
were done using each list, once for the regular squares, and once
for the double squares. In the tables on the next page, the selec-
tion probability 1is giver first, followed by the size of the word-
list which resulted. Then the number of squares produced from
this list is given for both forms (the number of double squares
found was actually twice the given number, since each square
may be reflected around the diagonal). Two support estimates are
then given. E; was generated by a program which looks at the
wordlist and computes the frequencies of letters that occur in var-
ious positions and obtains an estimate based on Bayes' theorem;
E was generated by using the heuristic formulas derived in the
first gection, i.e., E(F) = (W/S)? for the single square and E(F) =
(W/S)“™ for the double square, by setting E(F) equal to the num-
ber of fills actually found and then solving for S. For this esti-
mate the number of double squares found needed to be doubled
(no pun 1intended), as the heuristic formula was derived under
the assumption that reflective pairs are different fills.

Note that at the gq = .30 level the number of double 4-squares
found exceeded that of the single 4-squares, and that at the g
= .40 level the number of double 5-squares found exceeded that
of the single 5-squares, which verifies a somewhat unexpected
prediction of the model. The relative stability of the E, estimates
implies that the heuristic formula appears to be a good model
of reality. The number of n-squares appears to go as the nth
power of the number of words and the number of double n-squares
appears to go as the 2nth power of the number of words.

How many 4-squares and 5-squares are out there? The total
number of 4-letter words in my list is 7364, so extrapolating based
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Further Research

Similar computations may be done for other forms, such as rec-
tangles, pyramids, and stars, but things get more complicated
as these forms include words of different lengths. For such forms
the support estimate is no longer unique, but it does have a para-
metric representation. However, it would be relatively straightfor-
ward to write a program that would, given the form shape, the
various lists of words, and possibly other information such as
fixed letters, compute the expected number of fills. As one such
example, the support for an 8-square with the phrase WORD WAYS
on the top line is about 114000.

Other logological problems may possibly be approached 1in a
similar manner as that given 1in this article. Two examples are
palindromic pairs and tautonymic words. The support for /13—
letter palindromic pair (e.g., LIVE and EVIL) is about S = 15. 8rl
which 1s the same as that of the double n-square. For taut(onyrsl?z
the estimate S = 15.80/2 if n is even (e. g., BOBO), and 15.8'1
if n is odd (e.g., SHUSH). However, it should be pointed out that
these support estimates are likely to be substantially less accurate
than the support estimates for squares for various reasons.

A NEW PATTERN WORDLIST

A recent catalogue of Aegean Press books includes two books
by Sheila A. Carlisle, Pattern Words Three Letters to FEight
Letters in Length (134 pages), containing 60,000 pattern
words (like EXCESS and BAMBO0OO), and Pattern Words: Nine
Letters in Length (164 pages). Fach book sells for $16.80
softcover or $25.80 hardcover; telephone 800-736-3587 for
more Information on ordering.



